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Abstract. Recurrent iterated function systems (RIFSs) are improvements of 
iterated function systems (IFSs) using elements of the theory of Marcovian 
stochastic processes which can produce more natural looking images. We 
construct new RIFSs consisting substantially of a vertical contraction factor 
function and nonlinear transformations. These RIFSs are applied to image 
compression. 
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1. Introduction 
 
Fractal image compression (FIC) was introduced by Barnsley and Sloan (1988, [2]) and 
after that has been widely studied by many scientists.   FIC is based on the idea that any 
image (for example that of human face) contains selfsimilarities, that is, it consists of small 
parts similar to itself or to some big part in it.    So in FIC iterated function systems are used 
for modeling. Jacquin (1992, [12]) presented a more flexible method of FIC than Barnsley's, 
which is based on recurrent iterated function systems (RIFSs) introduced first by him.      
By his method, the original image is partitioned into small non-overlapping blocks called 
regions (or ranges) and big overlapping blocks called domains.    For every region, a similar 
domain and some transformation are searched.    Fisher (1994,[10]) improved the partition 
of Jacquin.    Bouboulis etc.(2006, [7]) introduced an image compression scheme using 
fractal interpolation surfaces which are attractors of some RIFSs.     RIFSs which have been 
used in image compression schemes consist of transformations which have a constant 
vertical contraction factor.      This factor has a great influence on the shape of attractor.      
It is obvious that each point of a region has a different contraction ratio. So, replacing the 
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vertical contraction constant by a contraction function can give a more flexible 
construction so that the number of domains and regions needed for image 
coding can be reduced and the quality of the decoded image can be better, that 
is, the FIC will be improved. 
   We present a new construction of RIFSs which have vertical contraction 
factor functions and their application to image compression. 
 
2.  Recurrent bivariate IFSs on rectangular grids 
The idea of RIFSs was introduced by Jacquin ([12]). A recurrent iterated 
function system (RIFS) is defined as a pair of a collection ݓଵ, ڮ , ݓே of 
Lipschitz mappings in a complete metric space (i.e. an IFS) and a row 
irreducible stochastic matrix ܲ ൌ ൫݌௜௝൯ேൈே satisfying ∑ ݌௜௝ ൌ 1
ே
௝ୀଵ  for all 
݅ א ሼ1, ڮ , ܰሽ  and additionally for any ݅, ݆ א ሼ1, ڮ , ܰሽ , there exist 
݅ଵ, ڮ , ݅௞ such that ݌௜௜భ · ݌௜భ௜మ · ڮ · ݌௜ೖ ௝ ൐ 0 (Barnsley, Elton and Hardin [5]). The 
attractor A of a RIFS is computed as follows: By a stochastic matrix ܲ, for an 
initial ݇଴ א ሼ1, ڮ , ܰሽ a sequence ሼ݇௜ሽ଴ஶ is given, which obeys ݌௔௕ൌPrሼ݇௜ାଵ ൌ
ܾ|݇௜ ൌ ܽሽ. With this, we get a sequence of transformations ൛ݓ௞೔ൟ଴
ஶ
 that 
generates an orbit ሼݍ௜ሽ଴ஶ for an initial ݍ଴אRଷ, that is, ݇௜ାଵ is chosen with the 
probability that ݇௜ାଵ ൌ ݆ equals ݌௞೔ ௝ and we have ݍ௜ାଵ ൌ ݓ௞೔శభሺݍ௜ሻ. In the 
matrix ሺ݌௞௟ሻ, ݌௞௟ gives the possibility of applying the transformation ݓ௟ to the 
point in state ݇, so that the system transits to state ݈. 
   The attractor A is defined as the limit set of these orbits, which consists of the 
points whose every neighbourhood contains infinitely many ݍ௜ for almost all 
orbits. By Barnsley, Elton and Hardin ([5]) the existence, uniqueness and 
characterization of this limit set A was proved. We present a new construction 
of a RIFS with a given data set on a grid. 
   We construct a local IFS ൛Rଷ;  ݓ௜௝ ൌ ൫ܮ௜௝, ܨ௜௝൯, ݅ ൌ 1, ڮ , ݉, ݆ ൌ 1, ڮ , ݊ൟ 
over the grid, whose general definition is as follows ([3]).  
Definition 1 Let ( X, ݀ ) be a compact metric space. Let ܴ be a nonempty 
subset of X. Let ݓ: ܴ ՜ X and let s be a real number with 0 ൑ ݏ ൏ 1. If  
                               ݀൫ݓሺݔሻ, ݓሺݕሻ൯ ൑ ݏ · ݀ሺݔ, ݕሻ      for all ݔ, ݕ in ܴ, 
then ݓ is called a local contraction  mapping on ( X, ݀ ). The number ݏ is 
called a contractivity factor for ݓ. 
Definition 2 Let ( X, ݀ )  be a compact metric space, and let ݓ௜: ܴ௜ ՜ X be a 
local contraction mapping on ( X, ݀ ), with contractivity factor ݏ௜ for ݅ ൌ
1, 2, ڮ , ܰ, where ܰ is a finite positive integer. Then  
ሼݓ௜: ܴ௜ ՜ X : ݅ ൌ 1, 2, ڮ , ܰሽ 
is called a local iterated function system (local IFS) (or partitioned IFS ([10])). 
The number ݏ ൌ maxሼݏ௜: ݅ ൌ  1, 2, ڮ , ܰሽ is called the contractivity factor of the 
local IFS. 
   Let the data set on the rectangular grid be  
൛൫ݔ௜, ݕ௝, ݖ௜௝൯ א Rଷ ;  ݅ ൌ 0, 1, ڮ , ݉, ݆ ൌ 0, 1, ڮ , ݊ൟ 
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such that ݔ଴ ൏ ݔଵ ൏ ڮ ൏ ݔ௠,   ݕ଴ ൏ ݕଵ ൏ ڮ ൏ ݕ௡. Let denote 
        N௠௡ ൌ ሼ1, ڮ , ݉ሽ ൈ ሼ1, ڮ , ݊ሽ, I௫ ൌ ሾݔ଴, ݔ௠ሿ,  I௬ ൌ ሾݕ଴, ݕ௡ሿ, 
        I௫೔ ൌ ሾݔ௜ିଵ, ݔ௜ሿ,  I௬ೕ ൌ ൣݕ௝ିଵ, ݕ௝൧,  EൌI௫ ൈ I௬  
       E௜௝ൌI௫೔ ൈ I௬ೕ (which we call the region),  for  ሺ݅, ݆ሻ א N௠௡, 
We choose big rectangulars (called domains)  E෩௞ൌIሚ௫ೖ ൈ Iሚ௬ೖ, where  Iሚ௫ೖ ൌ
ൣݔ௞ೖషభ
ᇱ , ݔ௞ೖ
ᇱ ൧  ൫ Iሚ௫ೖ ൌ ڂ I௫ഀ൯,    Iሚ௬ೖ ൌ ൣݕ௞ೖషభ
ᇱ , ݕ௞ೖ
ᇱ ൧  ቀ Iሚ௬ೖ ൌ ڂ I௬ഁቁ  and  ݔ௜ െ ݔ௜ିଵ                              
൏ ݔ௞ೖ
ᇱ െݔ௞ೖషభ
ᇱ , ݕ௝ െ ݕ௝ିଵ ൏ ݕ௞ೖ
ᇱ െݕ௞ೖషభ
ᇱ , for ݇ ൌ 1, ڮ , ݈. Then, there exist 
ݔ௞భ, ݔ௞మ א ሾ0, ݉ሿ ൫ݕ௟భ, ݕ௟మ א ሾ0, ݊ሿ൯ such that ݔ௞ೖషభ
ᇱ ൌ ݔ௞భ and ݔ௞ೖ
ᇱ ൌ ݔ௞మ (ݕ௞ೖషభ
ᇱ ൌ
ݕ௟భ and ݕ௞ೖ
ᇱ ൌ ݕ௟మ ), which we denote by ߛ௫൫ݔ௞ೖషభ
ᇱ ൯ and ߛ௫൫ݔ௞ೖ
ᇱ ൯ 
൫ߛ௬൫ݕ௞ೖషభ
ᇱ ൯ and ߛ௬൫ݕ௞ೖ
ᇱ ൯ ൯ respectively.  
We define the contraction transformations ܮ௜௝: E෩௞ ՜ E௜௝ for ሺ݅, ݆ሻ א N௠௡  by 
ܮ௜௝ሺݔ, ݕሻ ൌ ൬ܮ௫೔ሺݔሻ, ܮ௬ೕሺݕሻ൰, 
where ܮ௫೔ ׷ Iሚ௫ೖ ՜ I௫೔ , ܮ௬ೕ ׷ Iሚ௬ೖ ՜ I௬ೕ are contraction transformations with 
contractivity factors ܽ௫೔ , ܽ௬ೕ obeying for any ሺ݅, ݆ሻ א N௠௡   
   ܮ௫೔: ൛ݔ݇݇െ1
Ԣ , ݔ݇݇
Ԣ ൟ ՜ ሼݔ௜ିଵ, ݔ௜ሽ,   
   ܮ௬ೕ: ቄݕ݇݇െ1
Ԣ , ݕ݇݇
Ԣ ቅ ՜ ൛ݕ௝ିଵ, ݕ௝ൟ.   
The functions ܨ௜௝: E෩௞ ൈ R ՜ R , for ሺ݅, ݆ሻ א N௠௡ are defined as follows:  
ܨ௜௝ሺݔ, ݕ, ݖሻ ൌ ݀௜௝ ቀܮ௜௝ሺݔ, ݕሻቁ ൫ݖ െ ݃௞ሺݔ, ݕሻ൯ ൅ ݄௜௝ ቀܮ௜௝ሺݔ, ݕሻቁ, 
where ห݀௜௝ሺݔ, ݕሻห ൏ 1, ݃௞, ݄௜௝ are continuous Lipschitz mappings on E෩௞, E௜௝  
with the Lipschitz constants L௚ೖ, L௛೔ೕ respectively satisfying 
                ݃௞ ቀݔ௞ഀ
ᇱ , ݕ௞ഁ
ᇱ ቁ ൌ ݖ
ఙ൬௫ೖഀ
ᇲ ,   ௬ೖഁ
ᇲ ൰
 ,    for    ߙ, ߚ א ሼ݇ െ 1, ݇ሽ, 
                ݄௜௝ሺݔ௔, ݕ௕ሻ ൌ ݖ௔௕,                       for   ሺܽ, ܾሻ א ሼ݅ െ 1, ݅ሽ ൈ ሼ ݆ െ 1, ݆ሽ,  
 where  ߪ ቀݔ௞ഀ
ᇱ ,   ݕ௞ഁ
ᇱ ቁ ൌ ߪ ൬ߛ௫൫ݔ௞ഀ
ᇱ ൯,   ߛ௬ ቀݕ௞ഁ
ᇱ ቁ൰ ൌ ߪሺݔ௦, ݕ௧ሻ ൌ ሺݏ, ݐሻ, that is, 
݃௞ goes through 4 endpoints of the domain E෩௞, ݄௜௝ goes through 4 endpoints of 
the region E௜௝. 
   Then, the functions ܨ௜௝ satisfy 'join-up' conditions, for ߙ, ߚ א ሼ݇ െ 1, ݇ሽ,  
ܨ௜௝ ቆݔ௞ഀ
ᇱ , ݕ௞ഁ
ᇱ , ݖ
ఙ൬௫ೖഀ
ᇲ ,   ௬ೖഁ
ᇲ ൰
ቇ ൌ ݖ௦௧,  
where ܮ௫೔൫ݔ௞ഀ
ᇱ ൯ ൌ ݔ௦, ܮ௬ೕ ቀݕ௞ഁ
ᇱ ቁ ൌ ݕ௧, ሺݏ, ݐሻ א ሼ݅ െ 1, ݅ሽ ൈ ሼ ݆ െ 1, ݆ሽ. 
   Thus, any  ݓ௜௝  maps the endpoints of the ݇-th domain to the endpoints of the 
ሺ݅, ݆ሻ-th region. These transformations  ݓ௜௝ are contractions for all ሺ݅, ݆ሻ א N௠௡  
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with respect to some metric ߩ which is equivalent to the Euclidean metric on 
R3. This metric ߩ is defined on R3 for ሺݔ, ݕ, ݖሻ, ሺݔᇱ, ݕᇱ, ݖᇱሻ א R3  by 
ߩ൫ሺݔ, ݕ, ݖሻ, ሺݔᇱ, ݕᇱ, ݖᇱሻ൯ ൌ |ݔ െ ݔᇱ| ൅ |ݕ െ ݕᇱ| ൅ ߠ|ݖ െ ݖԢ|, 
where 
ߠ ൌ
1 െ Max ቄܽ௫೔ ,   ܽ௬ೕ ;   ݅ ൌ 1, ڮ , ݉, ݆ ൌ 1, ڮ , ݊ቅ
2LF
 
and LF ൌ Max ቄ LF೔ೕ;  ݅ ൌ 1, ڮ , ݉, ݆ ൌ 1, ڮ , ݊ቅ, where  LF೔ೕ are Lipschitz 
constants of the functions F௜௝. The contractivity of the transformation  ݓ௜௝ is 
Maxሼܽ, LFሽ, where 
ܽ ൌ
1 ൅ Max ቄܽ௫೔ ,   ܽ௬ೕ ;   ݅ ൌ 1, ڮ , ݉, ݆ ൌ 1, ڮ , ݊ቅ
2
 
   We enumerate the set N௠௡ ൌ ሼ1, ڮ , ݉ሽ ൈ ሼ1, ڮ , ݊ሽ by a injective mapping 
߬: ሼ1, ڮ , ݉ሽ ൈ ሼ1, ڮ , ݊ሽ ՜ ሼ1, ڮ , ݉ · ݊ሽ and denote M ൌ ߬ሺN௠௡ሻ. For 
simplicity, we denote ሺ݅, ݆ሻ ൌ ߬ିଵሺ݇ሻ by ݇ and ݉ · ݊ by ܰ. The following is an 
example of a connection matrix ܥ ൌ ሺܿ௞௟ሻேൈே which can be defined as follows:  
ܿ௞௟ ൌ ൜
  1      if    E௟ ك E෩௞
0     otherwise
 
The connection matrix ܥ shows that the transformation ݓ௞ can follow the 
transformation ݓ௟  iff ܿ௞௟  (See Fig. 1). 
   Then, we have a row irreducible stochastic matrix ܲ ൌ ሺ݌௞௟ሻேൈே  given by: 
                                            ܿ௞௟ ൌ ቊ
 1    iff   ݌݈݇ ൐ 0
  0    iff   ݌݈݇ ൌ 0
 , 
   Thus, the RIFS is given as a pair consisting of the above local IFS and the 
row irreducible stochastic matrix ܲ.  The existence, uniqueness  and  characteri- 
Figure 1  Connection matrix and it's directed graph. 
 
Cൌ ቌ
0  0  0  1
1  0  0  0
0  1  0  0
0  0  1  0
ቍ 
1 2 
3 4 
Eଵ ؿ E෩ଶ 
Eଶ ؿ E෩ଷ 
Eଷ ؿ E෩ସ 
Eସ ؿ E෩ଵ 
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zation of the attractor A of this RIFS has been proved by Barnsley Elton and 
Hardin ([5]). 
 
3. Application: An algorithm for image compression using RIFSs 
Let us denote an image value at the position ሺݔ, ݕሻ א E by ܫሺݔ, ݕሻ. 
3.1 Construction of the vertical contractivity factor functions 
In this section, we present a method of constructing the vertical contractivity 
factor function ݀௜௝ሺݔ, ݕሻ on the region E௜௝ by the image values on the region E௜௝ 
and on the corresponding domain E෩௞൫ሺ݅, ݆ሻ א N௠௡, ݇ א ሼ1, ڮ , ݈ሽ൯.   
   The vertices ൫ݔ௞ೖషభ
ᇱ  , ݕ௞ೖషభ
ᇱ ൯, ൫ݔ௞ೖషభ
ᇱ  , ݕ௞ೖ
ᇱ ൯, ൫ݔ௞ೖ 
ᇱ , ݕ௞ೖషభ
ᇱ ൯, ൫ݔ௞ೖ
ᇱ  , ݕ௞ೖ
ᇱ ൯ of the 
domain E෩௞ are mapped to any one of the region E௜௝, ൫ݔ௜ିଵ, ݕ௝ିଵ൯, ൫ݔ௜ିଵ, ݕ௝൯,
൫ݔ௜, ݕ௝ିଵ൯, ൫ݔ௜, ݕ௝൯ by the contraction transformation ܮ௜௝ ׷ E෩௞ ՜ E௜௝. Choose 
ݕ ൌ  ݕ݇݇െ1
Ԣ . For ݔ ൌ ݔ௞ೖషభ
ᇱ , ݔ௞ೖషభ
ᇱ ൅ ߝଵ
௫, ݔ௞ೖషభ
ᇱ ൅ ߝଶ
௫, ڮ , ݔ௞ೖషభ
ᇱ ൅ ߝఋೣ
௫ ൌ ݔ௞ೖ
ᇱ  ሺߝܽݔ א ܀൅,
ܽ ൌ 1, ڮ , ߜݔ, ߜݔ א Nሻ,  we calculate the absolute vertical distance between the 
image value ܫሺݔ, ݕሻ and the straight line through the endpoints ቀݔ௞ೖషభ
ᇱ  , ݕ௞ೖషభ
ᇱ ,
ܫ൫ݔ௞ೖషభ
ᇱ  , ݕ௞ೖషభ
ᇱ ൯ቁ and ቀݔ௞ೖ 
ᇱ , ݕ௞ೖషభ
ᇱ , ܫ൫ݔ௞ೖ 
ᇱ , ݕ௞ೖషభ
ᇱ ൯ቁ, and denote them by 
H଴,଴d , Hଵ,଴d , ڮ , Hఋೣ ,଴
d  respectively. In general, choose ݕ ൌ  ݕ݇݇െ1
Ԣ ൅ ݍ for ݍ ൌ
0,  ߝ1
ݕ, ڮ , ߝߜݕ
ݕ  ,  ݕ௞ೖషభ
ᇱ ൅ ߝఋ೤
௬ ൌ  ݕ௞ೖ 
ᇱ ,   ߝ௕
௬ א ܀ା, ܾ ൌ 1, ڮ , ߜ௬, ߜ௬ א N , Hଵ,௤d , ڮ, 
Hఋೣିଵ ,௤
d    are computed similarly. 
   Now, choose ݔ ൌ ݔ௞ೖషభ
ᇱ . For ݕ ൌ  ݕ݇݇െ1
Ԣ ,  ݕ݇݇െ1
Ԣ ൅ ߝ1
ݕ, ڮ , ݕ݇݇െ1
Ԣ ൅ ߝߜݕ
ݕ  ,  
analogously calculate the absolute vertical distance between the image value 
Figure 2  H௜௝d   on the domain. 
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ܫሺݔ, ݕሻ and the straight line through the endpoints ቀݔ௞ೖషభ
ᇱ  , ݕ௞ೖషభ
ᇱ , ܫ൫ݔ௞ೖషభ
ᇱ  ,
ݕ௞ೖషభ
ᇱ ൯ቁ and ቀݔ௞ೖషభ 
ᇱ , ݕ௞ೖ
ᇱ , ܫ൫ݔ௞ೖషభ 
ᇱ , ݕ௞ೖషభ
ᇱ ൯ቁ and denote all these distances by 
H଴,଴d , H଴,ଵd , ڮ , H଴,ఋ೤ 
d  respectively. By the same method, Hఋೣ,଴
d , Hఋೣ,ଵ
d , ڮ , Hఋೣ,ఋ೤ 
d  
are computed. In the case where , H௞,௟d ൌ 0 (excepting H଴,଴ d , H଴,ఋ೤ 
d , Hఋೣ ,଴ 
d  
, Hఋೣ ,ఋ೤ 
d ), changing the value ߝ௔௫ or ߝ௕
௬, we calculate that one again. Then, we 
get the set Hd ൌ ൛H௞,௟d : ݇ ൌ 0, 1, ڮ , ߜݔ, ݈ ൌ 0, 1, ڮ , ߜݕൟ (See Fig. 2). 
   Similarly, in the region E௜௝, for any point ሺݔ, ݕሻ, where ݔ ൌ ܮ௫೔ሺݔ
ᇱሻ,  ݕ ൌ
ܮ௬ೕሺݕ
ᇱሻ, ݔԢ ൌ ݔ௞ೖషభ
ᇱ , ݔ௞ೖషభ
ᇱ ൅ ߝଵ
௫,ڮ , ݔ௞ೖషభ
ᇱ ൅ ߝఋೣ
௫ ൌ ݔ௞ೖ
ᇱ  , ݕᇱ ൌ  ݕ݇݇െ1
Ԣ ,  ݕ௞ೖషభ
ᇱ ൅ ߝଵ
௬, 
ڮ , ݕ௞ೖషభ
ᇱ ൅ ߝఋ೤
௬ = ݕ௞ೖ 
ᇱ , the set Hr ൌ ൛H௜,௝r : ݅ ൌ 0, 1, ڮ , ߜݔ, ݆ ൌ 0, 1, ڮ , ߜݕൟ  is 
constructed.   
   With the sets Hd, Hr, we get a set  
D௜௝ ൌ ൛݀௜୨ ൌ H௜,௝
r H௜,௝
ୢ⁄ : ݅ ൌ 0, 1, ڮ , ߜݔ, ݆ ൌ 0, 1, ڮ , ߜݕൟ, 
where ݀଴଴ ൌ ݀଴ߜݕ ൌ ݀ߜݔ଴ ൌ ݀ߜݔߜݕ ൌ 0. 
   We construct the contractivity factor function ݀ሺݔ, ݕሻ by an interpolation 
function for the data set D௜௝. 
3.2 Encoding algorithm 
Image encoding is a process to get reduced informations needed to preserve the 
data of an image. We introduce a way for getting the reduced information by a 
RIFS. We partition the original image into non-overlapping blocks on a 
rectangular grid and construct a grid of non-overlapping domains which are 
ܽଶ(ܽ ൒ 2 is integer) times as large as the regions . For each region, we look for 
the most similar domain to that as follows: By the above algorithm we calculate 
the contractivity factor function ݀ሺݔ, ݕሻ on the region and the interpolation 
functions ݃ on the domain and ݄ on the region, respectively. Next we compute 
the distance between the image values on the region and the values mapped 
from the image values on the domain by a contraction transformation with 
regard to some metric. If the distance is less than a given tolerance, then we 
save the number of the domain and the data set for the contractivity factor 
function. If there is no suitable domain, then we divide equally the region into 
smaller rectangular (new regions), that is, repartition and repeat the above 
procedure for each smaller region. Finally, we get the reduced information, the  
endpoints of the regions, the number of the most similar domain for each region 
and the data set for the contractivity factor function. 
3.3  Decoding algorithm 
We calculate the interpolation functions ݀௜௝ሺݔ, ݕሻ, ݃௜௝ሺݔ, ݕሻ, ݄௜௝ሺݔ, ݕሻ from the 
information of the encoded image and compute the transformations ܨ௜௝ሺݔ, ݕ, ݖሻ 
out of them, that is, we determine the IFS. 
   The decoding algorithm is based on the Deterministic Iteration Algorithm 
(DIA) as in Barnsley [1] and it is similar to that in Bouboulis's [7], Section 3.3. 
The only difference compared with [7] is the following simplification: For any  
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region, we find out if its center is already drawn. If yes, then we go to the next 
region. If no, then we search for an appropriate transformation of the IFS to 
draw this center and additionally the four midpoints of the edges of the region, 
and then we go to the next region.  
 
4. Experiments 
We use a 513 ൈ 513 ൈ 8 Lena image as original image in our experiment. 
According to the above algorithm,  while this image is encoded and decoded, 
we measure the time needed to compress using a computer with a 1.86 GHz 
CPU clock and Windows XP. The experimental results show that our method 
can compress the image very fast, holding high quality of the decoded image 
(See Table 1). In Fig. 3-7, some images decoded by our scheme are shown. 
 
5. Results & Discussion  
In this paper we present a refined method of constructing an RIFS and its 
application to the fractal image compression (FIC). Its decoding scheme is 
simplified compared with earlier FIC schemes. Encoding is improved by a 
more complicated interpolation method based on the idea of using a vertical 
contractivity factor function instead of a constant contractivity factor. 
   The performance of FIC is significantly improved using our schemes. Now 
the compression ratio (CR) is not higher. To improve CR  we are planning to 
add some kind of lossless compression and entropy coding compression.  
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CR=11.7:1.
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